The main object of this paper is to introduce and investigate some properties and relations involving sequences of numbers Fn,m(r), for m = 2, 3, 4, and r is some real number. These sequences are generalizations of the Jacobsthal and Jacobsthal Lucas numbers.
Introduction
In [1] we considered the following classes of polynomials: J n,m (x)-Jacobsthal polynomials, j n,m (x)-Jacobsthal Lucas polynomials, and polynomials F n,m (x) and f n,m (x). 
(n ≥ m; n, m ∈ N; f 0,m (x) = 0, f n,m (x) = 1, when n = 1, 2, . . . , m − 1.)
The polynomials J n,2 (x), j n,2 (x), F n,2 (x) and f n,2 (x) are considered in [3] . For x = 1 and for a some real number r, by (3), we get the following sequences of numbers {C n,m (r)}:
Particular cases of these numbers are Jacobsthal numbers J n and Lucas numbers j n , which were investigated by Horadam [4] .
In this note we consider the sequences {C n,3 (r)} and {C n,4 (r)}. Namely, for these sequence of numbers we find some interesting relations, which are analogous to those corresponding to generalized Fibonacci numbers [2] .
2 The sequence {C n,3 (r)} For m = 3 in (5), we have
Applying (6), we obtain the first few members of the sequence numbers {C n,3 (r)}: 4, 3 (r) = 3 + 2r, C 5,3 (r) = 5 + 3r, C 6,3 (r) = 7 + 6r, C 7,3 (r) = 13 + 11r, C 8,3 (r) = 23 + 18r, C 9,3 (r) = 63 + 54r.
First of all, we introduce the following operators which will be needed in our proposed investigation. Hence, I is the identity operator, E i is the "the coordinate" operator (i = 1, 2, 3), E is the shift operator.
Furthermore, we consider the following operators ∆ i for i = 1, 2, 3, and ∇ i , for i = 1, . . . , 5, as well as operators ∆ n i , (i = 1, 2, 3), n ∈ N , and ∇ n i , (i = 1, . . . , 5), n ∈ N .
where
, n ∈ N.
, (see also [5] ), we find the following functions
We prove the following two statement.
Lemma 2.1. For a nonnegative integer k, the following relation holds
Proof. Using (6), we get
Theorem 2.1. Let n ∈ N and k be nonnegative integer. Then the following hold:
Proof. We apply ∆ 1 to f (i, j) = C 4i+3j,3 (r), and obtain
Now, (8) follows:
It follows that the relation (9) holds. Again, applying
Hence we conclude
It follows that the relation (10) is satisfied. We apply ∆ 2 to f (i, j) = (−1) j C 6i+4j,3 (r), and obtain (11):
Thus, we get (12):
As a special case, we obtain the following result.
Corollary 2.1. For k = 0 the relations (8)-(12) become, respectively:
Lemma 2.2. If the sequence {X n } (n ∈ N) satisfies the following relation
So,
Also, for nonnegative integers n and k, the sequence {X 6n+k } satisfies the following relation
Proof. Applying the identity operator (13) to the sequence {X 6n+k }, we obtain the relation (14).
Corollary 2.2. The following relation holds
Proof. Follows from Lemma 2.1 and Lemma 2.2.
For k = 0 in (15), we get the following result.
Corollary 2.3. For every nonnegative integer n, we get
3 The sequence {C n,4 (r)} From (5), for m = 4, we get the sequence of numbers C n,4 (r) which satisfy the following recurrence relation
(n ≥ 4; n ∈ N; C 0,4 (r) = 0, C n,4 (r) = 1, n = 1, 2, 3.)
Hence, using (16), we obtain the some initial values of C n,4 (r):
C 0,4 (r) = 0, C 1,4 (r) = 1, C 2,4 (r) = 1, C 3,4 (r) = 1, C 4,4 (r) = 1 + r, C 5,4 (r) = 3 + 2r, C 6,4 (r) = 5 + 3r, C 7,4 (r) = 7 + 4r, C 8,4 (r) = 9 + 7r, C 9,4 (r) = 15 + 12r, C 10,4 (r) = 22 + 19r.
These numbers satisfy the following two statement. 
Proof. Using the recurrence relation (16), we get
Theorem 3.1. Let n and k be nonnegative integers. Then the following hold: As a special interesting case, we obtain the following result. 
